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The Brownian motion of a particle over a potential barrier, a problem first
solved by Kramers, is reexamined also for the case of “intermediate” friction, to
which Kramers’ solutions do not apply. The theory is macroscopic and entirely
based on the Langevin equation of the particle, but it makes essential use of
ideas of a recent microscopic theory of Grabert and of Pollak, Grabert, and
Hinggi for a particle coupled to an infinite set of harmonic oscillators. Their
result for the escape rate is recovered, but the present method seems more
generally applicable. We introduce and use a new theoretical tool—the transfor-
mation to a new set of variables mixing the macroscopic and the noise variables
of the Langevin equation.
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1. INTRODUCTION

The escape of a particle from a potential well via Brownian motion was
treated in a classic paper by Kramers.(!) Kramers’ theory is macroscopic,
being based on the Langevin equation, or the stochastically equivalent
Fokker—Planck equation, of a Brownian particle with a phenomenological
unretarded friction coefficient and a fluctuating force whose strength is
determined by a fluctuation-dissipation relation. In Kramers’ work a solu-
tion of the escape problem for moderate to large friction and for very weak
friction was given, but the turnover from very weak to moderate friction
was not treated by his theory. We cannot mention here the immense
literature following up on Kramers’ work (for reviews see ref. 2), but we
mention the generalization of Kramers’ work including memory effects by
Grote and Hynes®) and a recent attempt to tackle the turnover problem by
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Melnikov.” Both developments were made within the macroscopic
framework also used by Kramers.

The escape problem can be reformulated within a microscopic model
by replacing the phenomenological friction and fluctuation terms by a
coupling of the Brownian particle to a reservoir of harmonic oscillatiors.
In a remarkable development it was shown in a series of recent papers by
Pollak,® Grabert,!”’ and Pollak e al.® that the escape problem including
memory effects could be solved within the microscopic model also in the
turnover region.!”® In fact, the final result for the escape rate found in
refs. 7 and 8, while differing in certain respects from Mel'nikov’s resuit, is
independent of the microscopic details of the model; still, the microscopic
formulation of the theory has been indispensable in arriving at this resuit.
This is a strong indication that a completely macroscopic theory including
memory effects should exist even in the turnover region. It seems desirable
to develop this theory and thereby proove the model independence of the
microscopic result.

This is the purpose of the present paper. A further motivation is the
hope that one may apply such a macroscopic theory to versions of the
escape problem which are not easily modeled on a microscopic level, e.g.,
in systems far from thermal equilibrium where a simple fluctuation-dissipa-
tion theorem does not exist.

For the sake of clarity we treat the case without memory first and
include memory effects in the final section. The Langevin equation without
memory is formulated in Section 2 and solved near the top of the potential
barrier in Section 3. Central notions of the theory, the unstable mode and
its energy, are introduced in Section 4 and their relation to the escape rate
explained in Section 5. Kramers’ results for moderate to large friction are
recovered in Section 6. The nonlinear equations of motion for the unstable
mode are derived in Section 7 and solved for the escape rate in Section 8.
Dissipation with memory is treated in the final section.

2. LANGEVIN EQUATION

We consider a particle of mass one in one dimension with coordinate
q(—o0<g<o) in a potential well U(g) with a local minimum at
4=4¢,,<0 and a local maximum at ¢=0. An example is the potential

Ulg)= —g—q2<q—%qm> (2.1)

with a>0. We assume that the motion of the particle is subject to a
frictional force proportional to its velocity. For simplicity, we assume in the
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following that retardation of the friction is negligible, but we shall com-
pletely include retardation effects in Section 9. Furthermore, let the particle
be subject to a stochastic force which we assume to be Gaussian and white
in the frequency domain of interest. Such a force is inevitably present due
to the fluctuation-dissipation theorem if the particle moves in a thermal
environment, but in other cases the stochastic force might also have some
other physical origin. With the assumptions made, Newton’s equation of
motion of the particle reads

oU
G+7i+==&0) (22)
q

with the friction rate y and the stochastic Gaussian force £(z) satisfying

&(t)>=0

) (2.3)
(1) L)) =Qo(t—1")
In the case of thermal fluctuations we have
Q=2ykg T (2.4)

In the case of nonthermal fluctuations we may use Eq. (2.4) to define T as
the equivalent noise temperature. In the following we shall always assume
that the potential well is deep in the sense that

AU=U0)-U(q,)>ksT (2.5)

Kramers posed and to a large extent answered the question of what the
average rate is at which a particle injected near the bottom of the potential
well escapes from the well over the potential barrier.(")

In the following we present a new method of solution of this important
problem also covering the case of intermediate friction not solved by
Kramers, but recently solved”® for a microscopic model® from which
Eq. (2.2) can be derived. Our method is macroscopic in the sense that only
the Langevin equation is used in it. However, it uses in an essential way
ideas of the above-mentioned microscopic approach®® to the Kramers
problem.

3. SOLUTION NEAR THE TOP OF THE POTENTIAL BARRIER

Sufficiently near the potential barrier at ¢ =0 the potential U(g) may
be written as
2

Ug)=—Z¢? (3.1)
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Therefore, near ¢ =0 the Langevin equation (2.2) becomes linear and is
easily solved by

q(r)= Ae "'+ Be 7

' =yt —1') _ =yt —1")
+j dré ¢ £t (32)
0 Y1—72
with
2 1/2
(7
na=te(Gral) (33)

and the constants of integration A, B, which may be expressed in terms of
the initial values ¢(0) = g, ¢(0) = ¢,, where ¢, must be near g =0:

A= —(y,90+ q\o)/(% —72)

(34)
B=(y:190+40)/(y1 —72)

We note that according to Eq. (3.3), y,<0. Therefore, ¢(¢) as given by
Eq. (3.2) contains a growing component which we denote by g (¢). If for
qo <0 the amplitude of the growing component is positive, the particle
passes the barrier at g =0 and leaves the potential well.

Next we extract the growing part of g(¢). This can be done by taking
the Laplace transform of ¢(z),

ip)=| e gy Re(p)> I (3:5)
It is useful to define the Laplace transform of ¢

Apy=| e ety a (36)

0

which is in fact a stochastic integral
&p)=] e dwin) (3.7)

with

dw(t)=¢&(t)d,  {(dw(2))*>=0Qdt (3.8)
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We note the properties

Py

E(p) Gaussian

Ep)y=0
0 (3.9)

p+p
CE(p) E()> = Qe™"0(1)

Ep épy=

Then we may write the Laplace transform of Eq. (3.2) as

1 {_Vz‘]0+q.o+E(P)+V1CIO+C]0+E(P)

} (3.10)
71+ 72l Pt+7 P~ 7.l

g(p}=

The growing part q. (¢) of g() can now be easily identified as the singular
part of §(p) for Re(p) >0,

1 )’1510+4o+é(|?2|)

qA>(p):

+ —
71 Wz! ) p— 17l 3.11)
q>(l)=qu0+q0+é(h)z')em“
Y1t (72l
Hence, a particle leaves the potential well if and only if
Go+ 7140+ E(1y2))>0 (3.12)

4. THE UNSTABLE MODE AND ITS ENERGY

We now borrow a trick invented in refs. 6 and 7 in the framework of
a microscopic description of the present problem. This trick, at first glance,
seems much more natural in the microscopic context, but, as we shall see,
it is equally useful here. The trick consists in defining the unstable normal
mode of the system near the barrier and its energy. This may seem
impossible in the present case in view of the dissipative and irreversibie
behavior of the underlying dynamics. However, we note that a normal
mode u(¢) with conserved energy E and containing the growing part ¢. (¢)
can be easily defined by writing

ou(t) = 5(y190 + o + E(1721)) €™ + §Ce =210 (4.1)

where « is a positive normalization constant to be fixed later and C



680 Graham

remains presently undetermined. In general C is fixed by the initial condi-
tion posed for u. We note that u(z), as defined by Eq. (4.1), satisfies

=y, u=0 (42)
with the conserved energy
E=31" — 3 72?0 = 50+ ] w)(i— [y,] ) (4.3)

To summarize, the normal mode u(¢) has the following remarkable proper-
ties:

(i) It satisfies a deterministic equation of motion (ie., ¢ does not
appear in its equation of motion).

(ii) Tt determines uniquely the growing part ¢.(z) of the particle
coordinate near ¢ =0 by

g.()= [u(m—l— u(z)] (4.4)

71+ 172l 72

An exponential growth of g (¢) to positive values corresponds to an
exponential growth of «(¢) to positive values and vice versa.

(iii) Near the barrier at g =0 the normal mode u is decoupled from
the nongrowing part

Q<(t)=‘I(Z)'*‘]>(l) (45)

(iv) Near ¢=0 its energy £ is conserved.

(v) Its energy E has the usual kinetic part, with the effective mass
still normalized to 1 by the choice of « in Eq. (4.1), and a potential energy
part which describes a harmonic energy barrier at u=0.

(vi) By (ii) and (v), the region u >0 corresponds to the outside, and
the region u <0 corresponds to the inside, of the potential well.

For some purposes (e.g., in Section 6) it is convenient to fix the
constant C in Eq. (4.1) by demanding that (7) transforms even under time
reversal,

- —1
9—49
9— -9
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To implement this requirement, we decompose the Gaussian noise £(z) into
two independent noise sources ¢, £_ of equal strength,

O)=8.(0)+&.(1) (4.6)
L@ E ()= () ()=3506(1—1); & ()¢ (')=0
(4.7)

which transform even and odd under time reversal, respectively,
- —, é+—’é+s éf_)_éf

Then the Laplace transforms &, (p), £ (p) of &, &  are statistically inde-
pendent and transform odd and even under time reversal, respectively.

With these prescriptions C is completely fixed and we may write, with
u(0) = uy, (0) =1y,

g =7140+ E—([V?_D

aito =172 [do+ €. (17:1)] 0
with
(12> = (1) =0
CEaliral) € (I3aD)> =0 o)
D)y = (1) =5

5. A GENERAL FORMULA FOR THE ESCAPE RATE

Our goal is the determination of the average rate of the escape of the
particle over the potential barrier.

If each particle crossing the barrier at g = 0 with positive velocity ¢ >0
would actually escape, the average rate of escape would be simply given by
the average current (number of particles per time) across ¢ =0 with ¢ >0,

r=[" P0.4)4dq (5.1)
0

where P(q, ) is the phase-space density of the particle. However, due to
the action of stochastic forces, there is a certain probability that even after
a particle has passed g =0 with ¢ >0 it suffers a random kick which sends
it back to the potential well. This recrossing probability in general
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invalidates (5.1) as a rigorous equation and makes the actual escape rate
I smaller than T

As first noted in ref. 7, the recrossing problem has a very elegant solu-
tion if I is expressed in terms of the probability current of the unstable
normal mode u. The reason is that near the top of the potential barrier, u
satisfies a deterministic equation. Hence, if «# has passed the top of the
barrier at u=0 in positive direction (#>0), it is impossible, within the
linearized description valid near the top of the barrier, that recrossing
occurs. Therefore, up to exponentially small terms due to recrossings from
positive values of u outside the interval of linearity, we have

r=r° P.(0, 2) i dit (5.2)

where P, (u, 1) is the phase-space density of the unstable mode.

Following Kramers,") we are only interested in the case where par-
ticles are continuously supplied near the bottom of the potential well in
such a way that the particle escape is precisely balanced on the average.
Then a time-independent steady state results in which also P, (0, &) must be
expressed by the single constant of the motion E, P, (u, i) = P(E).

Hence, in the steady state, Eq. (5.2) is reduced to

r:jw P(E) dE (5.3)

From our present point of view this simple expression is the main motiva-
tion for the definition of the unstable normal mode « in addition to g .

It is interesting to note that the expression (5.3) does not depend
on the normalization constant o introduced in Eq. (4.1), as P(E)dE is
invariant under rescaling of E. Hence, « may be chosen arbitrarily for the
purposes of calculating I

6. KRAMER’S ESCAPE TIME FOR SUFFICIENTLY LARGE
DAMPING

For sufficiently large damping we may assume that the probability
density of the particle within the potential well comes into equilibrium with
the noise source. For a sufficiently deep potential well this will always be
the case for values of ¢ <0 sufficiently far away from ¢ =0, but the assump-
tion breaks down for small dissipation, which therefore requires separate



Activated Decay of Metastable States 633

treatment in Section 8. Ignoring this difficulty in the present section, we
assume that for g <0 we have the Maxwell-Boltzmann distribution

22
Polg. d)=Nexp {—ﬂ [%* U(q)}}, g<0 (6.1)
with B = 1/ky T, whose normalization factor N is determined by evaluating
the normalization integral by stecpest descent

N:&ﬂ,e+ﬂ0(qm) (6.2)
2n

where U(g) = U(q,,) + 10i(q —q,,)* + --- near the bottom of the potential
well. In order to compute I, we have to determine the distribution P, (u, ).
For this purpose we first specialize P(qg, ¢) to a small neighborhood of
g =0, where it takes the form

Wof

Pa(ar0)dg dj = exp(~ a0 exp | ~ L@ —ia) [dgar (63)

In the following we shall identify ¢, ¢ in Eq. (6.3) with ¢g,, ¢, in Eq. (4.8),
which is permitted because P, is time independent. In order to determine
tpe distril?ution of u, u, we need the joint distribution of g4, g, and
C+(y20), & (Iy2l). As £, (Iy.l) depend on &(z) only for ¢>0, these quan-
tities are assumed to be statistically independent from g¢,, ¢, and we have
the joint distribution

Puldos Gor € (1y21), E_(I92]))
= P (o, Go) W(E ., (I21)) WE_(I7,])) (6.4)

where W(&) is a normalized Gaussian with mean square y/(2 |y,] 8).
Now we can write

o

Pl )= | dg dg d€ , d€_ Pu(g, 4, €., &)
+ A_ Py
xé(;;-M—é—)-a(a—'”—”(wa)) (6.5)
o o
The integrals are easily carried out using the J-functions and well-known
properties of Gaussian integrals. The result is
20?

@p(y1+ 1721)

2B0E

P, n(u, fl)=%9n£ exp(—p4U) exp [“ m}EPm(E)

(6.6)
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From Eq. (5.3) we obtain for the escape rate

o |72 _
[=—-"2 ¢ U .
27 @ e {6.7)

which, as noted earlier, is independent of the choice of «. However, we note
that P, (u, ) is a Maxwell-Boltzmann distribution at the noise tem-
perature T only if we choose a? as

2> =3 (72| (71 +172]) (6.8)

Equation (6.7} is, of course, Kramers® result'! valid for sufficiently large
damping. In Kramers’ treatment the result (6.7) does not follow from a
thermal distribution (6.3). In fact, using a thermal distribution in Eq. (5.1)
yields "= (w,/2n) exp(—p4U) (transition state theory), which is not
correct if |y,| and w, differ appreciably. Rather, Kramers’ result is obtained
from

r={"" Pe(0.4)q g (69)

with the nonthermal phase-space distribution he derived!" for the region
close to the top of the barrier

Puta. =N () oo [ - £ (vt |}

xrimdv exp<— g'—yyﬂzﬁ) (6.10)

— 00

where N is given by Eq. (6.2). Below we shall give an alternative derivation
of this distribution. In P, particle velocities ¢ <y, g are strongly suppressed
compared to the thermal distribution, which accounts for the fact that par-
ticles are mainly concentrated at negative values of ¢ and cross the barrier
primarily with positive velocities. In our preceding treatment this fact is
automatically taken into account by Eqs. (5.2), (5.3), where only positive
velocities # > 0 enter for » = 0. The generalization of the latter statement for
u <0 (but small) is the restriction #> |y,| u. This inequality specifies the
smallest domain of phase space (v, #) near the top of the potential barrier
which contains the interior of the well (4 <0, |4] <|[y,| #) and its boun-
daries and all trajectories coming in from negative values of u(u <0, > 0).
Due to the boundary conditions of the escape problem all other domains
of phase space must be empty. Thus, instead of Eq.(6.6) it is more
appropriate to use in thermal equilibrium

P, (u, 1) = P(E) 0(ii — [y, u) (6.11)
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where 0 is the step function and P, (E) remains defined by Eq. (6.6). The
result (6.7) for I' remains, of course, unchanged by this modification. The
argument of the step function appearing in Eq. (6.11) may be rewritten in
9o» Go, €., €_ with the help of Eq. (4.8). In fact, it is easy to see that
Eq. (6.11) is a consequence of Eq. (6.5) if there we use, instead of Py, the
modified joint distribution

Px(q0; qos E+, é—)ze(C]o_V1‘I0+é+“Ef)Pth(%a‘?o: E+a E—) (6.12)

which is the thermal joint distribution modified by the same step function
as in Eq. (6.11). On the other hand, integrating the joint distribution (6.12)
over &£, , & _ and identifying v=& _ — &, , we immediately recover Kramers’
distribution (6.10). Thus, apart from rederiving Kramers distribution,
we have found the corresponding joint distribution of g, ¢ and the
fluctuating forces £ (172]), £_(Iyal).

7. NONLINEAR COUPLING OF STABLE AND UNSTABLE
DYNAMICS

As the escape rate is determined completely by the distribution of the
energy in the unstable normal mode near the top of the potential barrier,
it is desirable to introduce the normal mode amplitude u into the equation
of motion of the Brownian particle. This can be done by separating ¢(z)
into an unstable part g_(¢) and a stable part g<(z) as in Section 3,
Eq. (4.5). Let us also split the particle’s momentum in the same manner,

p()=4(1)=p-(0)+ p (1) (7.1)

We now wish to construct the linear coordinate transformation from ¢, p
to g, g. which applies in the region close to the top of the barrier and
which is then defined to hold unchanged throughout the particle’s phase
space. This linear transformation will be constructed explicitly in Section 9
for the case which includes friction with memory. Here we shall give only
the final result for the special case of friction without memory. It is given
by Eq. (7.1) with

P (t)=1y,] q.(2)

o 72
p<(t)=—y1q<—ft dr eI =9¢(T) 72

It may be seen from Eqgs. (7.2) that ¢ _(¢) and p_(¢), just as ¢g.(¢) and
P~ () are correlated with the fluctuating force in the future. This should not
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be surprising: whether a particle eventually escapes (g. >0) or not
(g <0) depends on the fluctuating force in the future.
The next goal is to express the equations of motion in g.,¢q_,

g=p
e wree UL (73)
pTvp »d= aq <
with U,(g) defined by
Ulg)=U(0) - 3039% + U,(q) (7.4)

Again, details of the calculation can be found in Section 9. We obtain

G>—1r2l g =—-Uig>+q)/ (i +72l)

_ © (1.5)
G474 =Uilgs +q )G lnal)— | de e 9%

t

Let us now introduce the unstable mode » and a new stable variable § by

q-=a(u+u/|7,])

o i (7.6)
q< =g+ a(u—1ufly,|)
with

G=0f(yy+ [72}) (7.7)

Then Egs. (7.5) take the form
ii— |y, u= —% U (2au+ g) (7.8)
G+ =—yilu—ifly)— | eMI0E() (7.9)

11

We can solve Eqgs. (7.8), (7.9) iteratively for weak coupling between u and
q. Here weak coupling means that

(7/2y:)(dIn |U'(20u + §)I/d1In §) < 1

i.e., we assume the damping to be sufficiently small and the potential to be
sufficiently smooth for this condition to be satisfied. To zeroth order we
take §=0 in Eq. (7.8) and obtain the first integral,

1
— (2 =1y, u2)+——|y2l U,Qau)=E (7.10)
2 20
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We note that this expression for E reduces to Eq. (4.3) near the top of
the barrier, where U, vanishes. From Eq.(7.10), u(z) for given initial
conditions can be determined by quadrature. This zeroth-order solution is
inserted on the right-hand side of Eq. (7.9) and we obtain to first order

Z]‘(t)= Cle"“’-}— Cze‘m"

+ ! Jz dr(e MU= D — e~ I U (2au(tT))
V1172l Jo

—J‘td’c joo dl-/e—71(1-f)+Ivzi(r—r')ﬁ(r/) (7‘11)
0 T

with
u _
C2=&(ﬁ_‘u0>, C1+C2=q(0) (7.12)
2

For sufficiently weak coupling, higher order contributions will not be
needed.

8. ESCAPE RATE FOR SMALL AND INTERMEDIATE DAMPING

Equations (7.8), (7.9) are similar in form to equations of motion
recently derived for a Brownian particle coupled to a bath of oscillators by
Grabert."” The main difference consists in the fact that our Eqgs. (7.8), (7.9)
are expressed entirely in terms of the parameters of the basic Langevin
equation, while Grabert’s equations (apart from treating a more general
model including memory effects, which we shall consider in Section 9) con-
tain the parameters of the microscopic model. In ref. 7 it was shown how
a formula for P(E) for a weak and intermediate damping can be obtained
from the weak-coupling solutions, in our case Egs. (7.10)-(7.12). The
method of ref. 7 was invented by Mel’'nikov for the calculation of the dis-
tribution of the total energy of the particle for weak damping and noise.
We now give a short account of this method and present the final result.
Consider a particle which comes close to the top of the barrier, but without
escaping. Let its uenergy (7.10) there be E’. After one further round trip
through the well, let its u energy be E and the conditional probability to
find that value of E be P(E/E’). In the steady state the distribution P(E)
must be invariant,

P(E)= f ° P(E/E) P(E') dE' (8.1)

822/60/5-6-11
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Following Grabert,!”” we show below [Egs. (8.8)-(8.15)] that P(E/E')
takes the form of a Gaussian valid for E, E’ close to zero

(E—E' +AE)2] 62)

, 1
P B~

where AE is the average loss of u energy after one round trip and o is the
mean-square of the fluctuations of that energy loss. It should be noted that
the Gaussian form (8.2) was already used by Mel'nikov," but it was
assumed as an ansatz and not derived in ref. 4. The solution of Eq. (8.1)
with Eq. (8.2) for E sufficiently far below 0 (E< ~\/E;) approaches the
thermal form,

P (E)=const - e~ ?4EDE (8.3)

This form should coincide with the thermal distribution (6.6), ie., we
should have

6= |72l (V12+ 1721) AE (8.4)
«

which must be verified below, and the normalization constant in Eq. (8.3)
must be chosen as
wof 2oeFAY

const=—— ————— 8.5
2n 030 ¥ a]) ()

With the boundary condition (8.3), (8.5) the integral equation can be
solved®” and the result be substituted in Eq.(5.3). All E integrals are
carried out by steepest descent. The resulting escape rate is then obtained
in the form first given by Grabert,”

o |75 L+ dy -5 2
[[=——-12 _ — _In(1-— 1+ y)/4 6
o lelewp | 2 [T e ) (86)
with
AE 2a?

o= 8.7
ks T 172l (1 4 172D) ®7)

For 6> 1 and d<1 the result (8.6) approaches Kramers’ results'*’ for
sufficiently large and sufficiently small damping, -but it also applies to the
intermediate region, which was not covered by Kramers’ theory.

It remains to calculate 4E and to verify Eq. (8.4).
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By Eq. (7.10) the time-dependent energy of the u mode is defined by

|72l

E(t) =5 [ (1) =, 2(t)]+——U1(2W(t)+¢1(t)) (8.8)

N

Its change 4E over one period ¢, of the # mode is given by the work done
by the ¢ mode,

se= 22" de 45) U3 Qau(e) +4(2) 89)

We evaluate this expression to first order in the (u, §) coupling, ie., we
neglect 7 in the argument of U} and insert the zeroth-order result for u(7).
Furthermore, assuming that AE does not change rapidly with E’, we
evaluate A4E for E'=0, ie., for the u trajectory with 7,= oo starting (at
t— —oo) with u,=0, #,=0 and coming back near the top of the barrier
for t— +co. Then 4e is obtained as the sum of a systematic part
(the average AF) and a Gaussian noise term, which enters in Eq. (8.9)
via the additive noise in 4§ Eq. (7.9). This proves the Gaussian form (8.2)
with the average

1t + 0
E=—<Aa>=§j drj d’ K(jz—1'))

x U’ (2au(r)) U} (26u(z')) (8.10)

where
_Inl —lel —lyzlt
K(IT!)—ZOCZ (y1€ — |yl e ) (8.11)

Equation (8.10) can be evaluated if the form of the potential U(q) is
known. It can be seen from Eq. (8.11) that é in Eq. (8.7) and I" in Eq. (8.6)
are independent of the choice of « The mean square of the Gaussian
fluctuations of the u energy

op={(4e)*> — (4E)’ (8.12)

is obtained in the same approximation. Here only the noise contribution to
g(t) in Eq. (7.9) enters. We find

aE=(M) fjwdt E“’dt' Clt—1'|) Uy(2au(r)) U,(28u(z’))  (8.13)

204
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with

d d T T’ 0 =)
Cle—r)=Fo | dn| | ] dndem) e

Xexpl —yi(t+ 1 =1 = 1) + |72l (11 + 12— 13— 14)] (8.14)

Using the J correlation of the noise and evaluating the integrals, we find

Clz—=1')) (rre™ "1 T —Jpy| el (8.15)

1
28071+ Iyal)

It can now be verified that o is indeed given by Eq. (8.4).

9. FRICTION WITH MEMORY

The method we have presented works also after including dissipation
with memory. We briefly indicate the generalizations which are necessary.
For an explicit example see ref. 8.

The Langevin equation reads

t oU
i+ ], dri-0 i@+ 5 =0 9.1)
with
B &)y =k Tyt~ 1) 92)

Near the barrier the Langevin equation can again be linearized and solved
by Laplace transformation,

_ () +4(0) + [s +7(s)] 9(0)

4(s) TRy (9.3)
We define |y,| by the positive root of
V2% + 192l $(172)) — 03 =0 (94)
and y, by w2=7y, |y,|. Then we decompose
4(s)=4~(s)+4(s) (9:5)

with
_ &Ul) +4(0) +7,4(0)

Als—1Iy,]) (9.6)
A=y + 1yl [1+d5(1y20)/d |721]

4> (s)
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and
o S6) = &val) + [s+9(s) — 7, 4(0)
== F0) - 07
+K(5)[E(1721) + ¢(0) +7:4(0)] 9.7)
where
K(s)= ! ! (9.8)

SH9(s)s—w2  Als—|yal)

The unstable normal mode u is defined by Eq.(4.1) with g, [y.], 7,
redefined as above. In fact, the results of Sections 4-7 can all be taken over
using these redefinitions, y = §(|y,|), and the new correlation function of the
fluctuating forces

£(5) E(s7) s = L T 9
E) 8 =375 (99)

Let us now construct a linear transformation from ¢, p to g, g_. It is
most convenient to consider the Laplace transforms. We have, near the top
of the barrier,

(8)=g-(s)+4(s) (9.10)
B(s)=5G.(s) + 54 (s) — q(0) (9.11)

Y

Equation (9.11) still contains the constant of integration ¢(0) and is there-
fore not yet a transformation of coordinates. However, we canAeliminate
4(0) by solving Egs. (9.6), (9.7) for ¢(0) and [7,4(0)+ 4(0) + &(|y,)] in
terms of g (5), ¢ . (s) and inserting the result in Eq. (9.11). We obtain, after
some algebra,

oyl TE+9' oD = (920D G- () —yi(s — 1720) g < (s) — E(lpa]) + E(s)
pls)= -
s+7(s)—74

(9.12)

Equations (9.10), (9.12) now define the desired change of coordinates,
which we extend, by definition, to the entire phase space. Equations (7.2)
are obtained as special cases for j(p)=7y. Let us next derive the equations
of motion satisfied by ¢, ¢.. From §= p we obtain

[+ 53(s) — @31 4 < (5) + G (s)
= [(s—1v21) A1 4= () + &) = Elval) + [s +9(5) — 7. 4o (9.13)
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and Eq. (9.1) leads to
[s* +s7(s) — 031[q5(s) + g (5)]
= —Ui(s)+c(s)+go+ [s+7(s)] g0 (9-14)
with
Ui(g)=Ulg) + 3039° — U(0)

Oi(s)= [ dte="U3(q(1)) (9.15)

Uilg)=dU.(q)/dq

From Egs. (9.13), (9.14), we can derive, in real time,

4> =12l q> = -Uilg< +9¢-)/4 (9.16)

where we used
§(0) +7,4(0) + &(1y,1) = Aq . (0) (9.17)

which follows from Egs. (9.6), to absorb a constant inhomogeneity in the
initial condition for ¢.. Using Eq. (9.16) in the first or second of Egs.
(9.13), (9.14), we obtain

1
s*+5P(s)—w;  As—y,l)

44w=~[ }Mu)

E(S) +qo+ [s+7(s)] 90 E(|V2|)+ do+ 7140
5* + 53(s) — o} Als— 720}

(9.18)

Equations (7.5) are a special case of Egs. (9.16), (9.18) for (s)=7.
As in Section 7, it is convenient to make the further change (7.6),
(7.7), which now read

_ al(s+ Iy2]) 4(s) —u(0)]
72l A
_af(s—7,l) d(s) —u(0)]
72 4
Here u(0) is an arbitrary constant, connected to the arbritary constant C

in Eq. (4.1), which enters because (7.6), (7.7) are differential equations. We
obtain the equations of motion

g (s)
(9.19)

§.(s)=4(s)
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2
i~ pu=— 2 (—°—‘—‘f+q)
o A

_ 1 o 2 ly2| 71
B [s2+s~?(s)—w§ AMs*— |Vz|2):] Yits)

LT

E(s)+ o+ [s+7(s)] QO_E(|72|)+‘?0+V1510

s?+s9(s) — wj Als— |70}
o[ #(0) — [y, u(0)] (9.20)
M+ {y2l)

The further calculation is carried out most conveniently for the Laplace-
transformed variables and using Eq. (9.9), but otherwise it proceeds as in
Sections 7 and 8 with essentially the same results, except that now

_1 +oo preo ’ ’ 20u(7) ’ Zau('c')
AE = _<A8>_§J_Oo de‘Oo dr K(II—T|)U1< ) >U1< A
) ds s 20y, s ]
AN e 3 —
KD 2a2j2m‘e [s2+sy‘(S)—wi (s> = 17,1%)

(9.21)

in agreement with the result of refs. 7 and 8.

10. CONCLUDING REMARKS

Equations (8.6)—(8.8), (9.21) constitute the final result, which agrees
with the result obtained from a corresponding microscopic model in refs. 7
and 8, but which has been derived here for the first time within a purely
macroscopic approach. The essential step was the introduction of a normal
mode amplitude in Eq. (4.1) mixing the particle variables ¢, ¢ and the noise
source in such a way that a new quantity E appeared which is conserved
near the top of the barrier. The same normal mode, mixing particle
variables and bath-oscillator variables, also appears in the microscopic
calculation.”"® Having succeeded in reformulating this idea in a manner
which is manifestly independent of microscopic detail, we can now proceed
to apply this method to Langevin equations of more general form. In par-
ticular, the essential new idea of this paper, the use of variables which mix
the macroscopic and the noise variables of the Langevin equation, might be
a useful new tool for their analysis.
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